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Theoretical and experimental results of the modeling and control of a flexible ribbed antenna are presented. The
antenna consists of eight flexible ribs that constitute an active antenna in the sense that the actuators and sensors
are an integral part of the structure. The antenna exhibits closely spaced and repeated modes, thus multi-input,
multi-output (MIMO) control is necessary for controllability and observability of the structure. The structure also
exhibits a mode localization phenomenon and contains postbuckled members making an accurate finite element
model of the structure difficult to obtain. An identified MIMO minimum-order model of the antenna is synthesized
from identified single-input, single-output transfer functions curve fit in the frequency domain. The identified
model is used to design a positive position feedback and H, controller that increases damping in all of the modes
in the targeted frequency range. Because of the accuracy of the open-loop model of the antenna, the closed-loop
response predicted by the identified model correlates well with experimental results.

1. Introduction

N accurate model of an active structure is fundamental to the

understanding of control structure interaction. An active, or
smart, structure contains a number of integrated sensors and actua-
tors that allow the structure to perform precision pointing, sighting,
placement, or vibration suppression to a degree of accuracy or per-
formance not easily achieved with a passive structure. In the initial
stages of design a finite element model (FEM) is adequate. The FEM
allows one to address such issues as optimal actuator and sensor
placement, size and power requirements of the actuators, and open-
and closed-loop performance comparisons. Typically the FEM will
accurately predict the natural frequencies of the structure and give
a general idea of the mode shape of the structure, at least at low fre-
quencies. The FEM will less accurately predict input/output transfer
function parameters such as the zeros and the phase-vs-frequency
response. In addition, standard FEM methods make no predictions
of the damping in the system.

A structure such as the ribbed antenna addressed here presents two
additional difficulties in obtaining an accurate FEM: mode localiza-
tion and postbuckled beams. The periodic structure of the antenna
results in the mode localization phenomenon where small pertur-
bations in the manufacturing tolerance of parts of the structure can
lead to large changes in the dynamics of the antenna.! The buckled
ribs, which are a result of the antenna construction, make it difficult
to use standard finite elements (such as beam or plate elements). In
the construction of the antenna the ribs are initially flat and buck-
led into a dish shape by tension in the wire connected at the tip of
each rib.

Because of the difficulties in obtaining an accurate FEM, an
experimentally identified model is typically used for controller
design. Most multi-input, multi-output (MIMO) identification tech-
niques, such as the eigensystem realization algorithm (ERA),
are batch techniques in which a MIMO model is obtained di-
rectly from test data after a model order is identified based on
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singular-value decomposition.? Previous work by Garcia et al.
used the ERA technique to identify a flexible antenna struc-
ture. In this paper a nonbatch, two-step identification technique
is used. In the first step single-input, single-output (SISO) pole-
zero transfer functions are curve fit in the frequency domain.
In the second step the SISO transfer functions are synthesized
into a MIMO model. An advantage of this method is that in
the first step of the process each identified SISO transfer func-
tion can be adjusted if necessary to best correlate with the ex-
perimental response. It is much easier to adjust the SISO model
to correlate with experimental response data than it is to ad-
just an MIMO model to match the experimental response. Af-
ter the user is assured that each of the SISO transfer functions
is correct, the SISO transfer functions are synthesized into an
MIMO model.

The paper is organized as follows. In Sec. II, the active antenna
construction and open-loop dynamic characteristics are described.
In Sec. I1II a model identification technique in which the SISO trans-
fer functions are synthesized into an MIMO model is presented and
the method applied to identification of the active antenna. In Sec. IV
the identified model is used to find the best actuator and sensor lo-
cations for maximum controllability and observability. Section V
describes the design and experimental implementation of a positive
position feedback (PPF) controller and an H,, robust compensator
for vibration suppression in the active antenna.

II. Experimental Structure

Modern satellites often contain ribbed antennae or other flexi-
ble appendages. The vibrations of such flexible structures can often
reduce the overall performance of the satellite. The active antenna
described in this paper serves as a testbed for the vibration suppres-
sion of such structures using active control. With the exception of
the inclusion of piezoelectric elements, the test antenna is similar
(but smaller in scale) to the passive antenna, which is part of the
Control Structure Interaction (CSI) Evolutionary Model located at
NASA Langley.* Located at the base of five of the test antenna ribs
are collocated piezoceramic sensor-actuator pairs. Each collocated
sensor-actuator is manufactured from a single sheet of piezoelectric
material of dimension 0.0152 x 6.4 x 2.3 cm. The electrode surface
of the piezoceramic is separated into two electrically isolated areas
(Fig. 1). The sensor portion of the piezoceramic is connected to a
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Fig.1 Schematic of active antenna.
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Fig. 2 Magnitude plots of active antenna: a-d) collocated and e-h)
noncollocated. Solid line, model; dashed line, experimental data.

high-input impedance-measuring device and is a measure of strain
in the rib.’> Each 1ib is fixed at the base to a rigid hub and the tips
are connected with tensioning wires. In the construction of the an-
tenna, the ribs are initially flat and are brought to the dish shape by
shortening of the tensioning wire.

A typical open-loop response for frequencies from 9 to 19 Hz
is presented in Fig. 2. A cluster of seven closely spaced modes is

observed between 9.6 and 17 Hz. A second cluster of modes can be
observed near 30 Hz and subsequent clusters at subsequently higher
frequencies. The first group of modes corresponds to each individual
rib vibrating in its first mode, the second cluster corresponds to
each rib vibrating in its second mode, etc. There are eight ribs,
and it would be expected that eight modes exist in the first modal
cluster. Only seven peaks can be observed; thus there is a repeated
mode with a multiplicity of 2 in this first cluster, which can only
be identified with a complete MIMO identification. The existence
of a repeated mode with a multiplicity of 2 indicates that at least
two actuators and two sensors are required for controllability and
observability.

III. Modeling Background

MIMO Model Synthesis

Here a method for synthesizing a MIMO model from SISO trans-
fer functions is described and is based on modal analysis techniques.
With this method it is assumed that a pole-zero representation of the
SISO transfer function is identified from either frequency-domain
or time-domain data. A model based on modal analysis techniques
offers two advantages over other modeling techniques. The modal
model retains a simple physical correspondence between the iden-
tified model and the test structure, which is lost in many state-space
identification methods. Another advantage is that by making sym-
metry assumptions about the structure (i.e., the mass, stiffness, and
damping matrices are symmetric) the modal parameters can be
obtained from a relatively small number of experimental transfer
function measurements. The advantage of synthesizing the MIMO
model from SISO representations is greater flexibility in matching
the model to the experimental data.

The structure can be represented by

MGg+Ci+Kig=u (1)

where M, C, and K are symmetric and positive definite matrices, §
is a vector of displacements, and u is a vector of inputs. It is also
assumed that the structure is time invariant and a driving point trans-
fer function (collocated sensor and actuator) is available. There are
methods available for structures that do not conform to these as-
sumptions: Ewins’ discusses the problem of using modal identifica-
tion on nonlinear systems and Inman® discusses modal identification
for asymmetric M, C, and K matrices.
Equation (1) can be cast in symmetric state-space form as

Gqg—Hg=f 2

where

- [’—(ﬂi] 3)

There exists a transformation matrix W orthogonal with respect to
G that will diagonalize the system in Eq. (2):

T _ T _ A 0
VG = I, ‘I’H“’—[o A"
A = diag(®,), A* = diag(R¥) (@)

The * symbolizes a complex conjugate. The transformation matrix
W is partitioned in the following manner:

o | o
V= [ch <I>*A*} ©)

where the columns of ¢ are the mode shape vectors of the system
givenin Eq. (1) and the rows of  are the modal participation vectors.

Substituting the transformation ¢ = Wx into Eq. (2) results in the
diagonal equation

xz[(‘)‘ (I)\*]x+lIfo (6)
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Equation (6) can now be cast in the familiar state-space formulation

X = Ax + Bu, y = Cox + Du D
where
A0 o7 .
A:[ﬂﬁ], B:[F], CO:[CD(CD]
8)

and D is the direct transmission matrix. The objective of the modal
modeling is to identify the A, B, Cy, and D matrices in Eq. (8).
The columns of Cy (also the rows of B) are the mode shapes and
are designated ¢, where r can take values from 1 to 2n [n is the
number of degrees of freedom (DOF) retained in the model]. The
columns of B (and the rows of Cp) are the modal participation
vectors and are designated b;, where i can take values from 1 to
m (m is the number of measurement locations). Note that in the
identified model the number of columns of B is not necessarily
equal to 27 but will instead depend on the number of experimental
measurement locations. The ith element of the rth row of ¢ is
designated ¢;, and is called the modal participation factor. Taking
the Laplace transform of Eq. (7) and substituting Eq. (8) result in
an input/output relationship involving the receptance matrix o:

Y(s) = Co(sI — A)"'BU(s) + DU(s) 9)
Y(s) = a(s)U(s) (10)
where

YN 0 [
0 :(SI—~A*)_]]|:F:|+D (1

als) = [ ol ) [

Distinct Eigenvalue Case
It follows from Eq. (10) that the transfer function between the ith
output and the jth input is

n

Y,‘(S) . ¢ir¢jr - ¢z*r¢7r o
Uj(s)_Zs+Ar+ZS+M‘+d' (42

r=1

where d;; is the ij element of the matrix D and the subscripts on
¢ indicate the corresponding element of the modal participation
matrix. The asterisk denotes a complex conjugate. In general the
numerators of Eq. (12) may have both real and imaginary parts, and
in the normal-mode assumption (proportional or modal damping)
the numerators will be purely imaginary. The experimental transfer
function between the ith output and jth input is measured to be

~

i;,‘ S & rA," u rA;k S
A()zz L4y v dy (13)
U;(s) S+ A, s+ AF

r=1 r=1

The “hat” notation denotes an experimentally measured quantity and
+A;j is the residue between the ith output and the jth input for the
rth eigenvalue. The modal participation factors ¢;, are identified by
equating the numerator terms of Eq. (12) with the numerator terms
of Eq. (13):

~

Girdgr = rAig, i=1,...,m, r=1,....,n (14)
which describes m x n equations and m x n unknowns where the
input is at the point j = fS. There is a closed-form solution to
the equations described by Eq. (14). The equation involving the
driving point j = i = B is solved first and ¢y, is found. The
modal participation factor ¢p, is then the “seed” for solving the
remaining equations. Thus in the distinct-mode case all the modal
participation terms can be solved for from a single input 8. When
more than a single reference is available, Eq. (14) is overdetermined
and the modal participation factors ¢;; can be solved by recasting
Eq. (14) as a minimization problem. A best fit solution can be found
by minimizing the cost function J:

n

J=Y It (15)

r=1

where || - || is the Euclidean norm and f, is defined as

~

fr = ¢ir¢ﬂr - rAiB (16)

Repeated-Eigenvalue Case

Here we show that when the eigenvalue is repeated with a mui-
tiplicity of 2 and the associated eigenvectors are linearly indepen-
dent, a minimum of two inputs are required to identify the modal
participation terms ¢;,. This can be extended to show that when
an eigenvalue is repeated with a multiplicity of g, a minimum of ¢
reference input locations are necessary to obtain a determined set of
equations. Assume the first p modes are repeated with a multiplic-
ity of 2 and the remaining modes are distinct. The transfer function
between input j and output i is then

Yi(s) _z”: 1Bir 10r + 26ir 200 +Z”: 16519, + 2ir 207,

Uj(s)_r= s+ A, — s+ Ax
n—2p n—-2p Lk
¢ir¢jr ¢ir¢jr
+ + d;; 17
Z StA + Z S AT J an
r=p+l r=p+l

The subscript preceding ¢, (either a 1 or a 2) is used to differentiate
between the two repeated modes associated with a repeated eigen-
value r. Equating the Eq. (17) numerator terms in with the identified
transfer function Eq. (13) and using the input j = 8 result in

1Pir 108 + 2Pir 208, = r Aig,
r=1,...,p (18)

which yields 2m x p unknowns and m x p equations. An addi-
tional p(m — 1) equations can be obtained by using a second input
j=v:

l¢irl¢yr+2¢ir2¢yr :rAAiy’ i = 1,---,m
i#p
r=1,...,p (19)

which together with Eq. (18) yield 2m x p — p equations. When
the eigenvalues are repeated, there are an infinite number of mode-
shape solutions associated with the repeated eigenvalue, and each
of these solutions is related to another solution by an orthogonal
similarity transformation (see the Appendix for an example). Thus
another p equations are obtained by arbitrarily setting

19p1 = 10p2 = 1Pp3 =+ = 1P, = 0 (20)

Equations (18-20) yield the 2m x p equations necessary to solve
for the elements ¢;, using experimental transfer functions. As in
the non-repeated-mode case of Eq. (14), the overspecified case can
be cast as a minimization problem.

Note that for a multiplicity of 2 it is necessary to use two inputs
to obtain a determined set of equations. When frequency response
data are available from more than two reference inputs, Eqgs. (18)
and (19) are overdetermined and can be recast as an optimization
problem by minimizing the cost function J:

P
J="=lfp+ Frl @n
r=1
where
frg = 10ir 19 + 20ir 2005, — r/ii;s (22)
frﬁ = 1¢ir l¢yr + 2¢ir 2¢yr - rAAiy (23)

IV. Identification of Active Antenna
Using the procedure outlined in the previous section, an MIMO
model of the test antenna is obtained. The objective is to obtain a
minimal-order MIMO model valid over the frequency range 0-20
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Table 1 Modal assurance criterion for pairs of inputs as measured
_from two different ribs

Frequency, Ribs Ribs Ribs Ribs Ribs Ribs

Hz 1,2 1,4 1,5 2,4 2,5 4,5

9.90 0.98 0.93 0.97 0.92 0.96 0.98
10.03 0.89 0.96 0.87 0.86 0.75 0.86
11.01 0.67 0.21 0.01 0.39 0.37 0.22
11.77 0.99 0.98 0.88 0.96 0.89 0.89
12.01 0.96 0.96 0.98 0.93 0.95 0.99
12.88 0.99 0.99 0.95 0.99 0.93 0.96
18.04 0.99 0.99 0.99 0.99 0.99 0.99

Hz, which includes the first cluster of modes. The minimal-order
model is controllable and observable and accurately reflects both the
open- and closed-loop response of the structure over the frequency
of interest. The identification involves the following steps.

1) SISO random vibration data are obtained between a number of
ribs. The following permutations of output/input data are obtained
from four of the active ribs: rib 1/rib 1, rib 2/rib 1, rib 4/rib 1, rib
2/rib 2, rib 4/rib 2, rib 5/rib 2, rib 4/rib 4, rib 5/rib 4, rib S/rib 5 (rib
numbers refer to Fig. 1).

2) The random response data are curve fit in the frequency domain
to identify SISO pole-zero models.

3) The repeated mode is identified by calculating the modal as-
surance criterion (MAC) for a mode, as calculated for different pairs
of inputs.” The MAC measures the orthogonality of two modes. If
the calculated MAC for a mode as measured from two inputs results
in a number close to 1, then the mode is probably not repeated. If
the MAC results in a number much less than 1 for the pair of inputs,
then the mode probably is repeated. The MAC, which is a measure
of orthogonality, calculated for all combinations of the tested input
pairs is given in Table 1. The low MAC numbers associated with
the mode at 11.01 Hz indicate that there is a repeated eigenvalue at
that frequency.

4) The modal participation factors ¢;, are calculated by minimiz-
ing Eq. (15) for the distinct-mode case and minimizing Eq. (21) for
the repeated-mode case.

5) The model is cast in the modal state-space form of Egs. (7) and
(8). The diagonal A matrix is composed of the system eigenvalues
obtained from the poles of the SISO pole-zero models; the repeated
poles are identified as such in step 3. The B and C matrices are
constructed from the modal participation factors ¢;,. The D matrix
is constructed from the SISO pole-zero models.

Open-loop comparison of the identified model with experimental
data is shown in Figs. 2a-2h. The identification technique models
the collocated transfer functions with minimal error, as shown by
the magnitude plots in Figs. 2a-2d. Although not shown, the phase
response of the collocated transfer functions has the same accuracy.
In the case of the noncollocated sensors and actuators (Figs. 2e~2h),
the experimental results are in good agreement with the identified
model, but they are not as accurate as the collocated transfer func-
tions. This is attributed to the asymmetry that exists in the structure.
In the modeling procedure, it is assumed that a transfer function be-
tween input j and output i is identical to the corresponding transfer
function between input i and output j. In reality, this is not the case
since the sensors and actuators on each rib are slightly offset from
one another (see Fig. 1). The error that is introduced is illustrated
in Figs. 2e, f. The experimental transfer function with input at rib 5
and output at rib 4 is similar, but not identical, to the transfer func-
tion with input at rib 4 and output at rib 5. Consequently, one of the
identified transfer functions (Fig. 2e) contains more error than the
other (Fig. 2f), since the model cannot reflect the asymmetry that
exists between the noncollocated sensors and actuators. The same
phenomenon is illustrated between ribs 1 and 4 (Figs. 2g, h).

V. Controller Design and Implementation

Using the model identified in the previous section, a pair of active
ribs that exhibit a high degree of controllability are identified and
two separate MIMO closed-loop control laws are designed: positive
position feedback (PPF) and a robust controller design using Hy,
optimal control theory. Unlike the H, design, the PPF design is a

Table 2 Controllability measures for pairs of ribs on active antenna

Mode Ribs Ribs Ribs Ribs Ribs
Frequency, Hz 1,2 1,4 1,5 2,4 2,5
18.0480 09101 09419 09067 09071 0.8705
12.8800 0.3089 0.5455 04188 05919 04777
12.0143 03662 04319 05034  0.5244  0.5848
11.7736 0.6661 05806 05770 0.3822 0.3766
10.0326 0.5493  0.6626  0.4829 0.6043  0.3991
9.9087 05372 05122 0.6944 04909 0.6788
11.01032 0.3678  0.1654 04379 03202 0.2640

@Repeated mode.

decentralized controller (i.e., each sensor signal is fed back only to
its associated collocated actuator) and utilizes second-order filters
in the feedback path.

PPF Control
The PPF controller can be described by the second-order form
1q: + Apeqe + Akcqge = u. (24)
Yac = Hucq. (25)
u: = Byys (26)

where

Ap.(r x r) = controller damping matrix diag(2¢.; @)
Ag:(r x r) = controller stiffness matrix diag(a)?[)

g.(r x 1) = controller coordinate

H,.(m x r) = controller output gain matrix
H,(sg X n) = structure output gain matrix
ya(sq X 1) = structure output

Yac(r x 1) = controller output

u.(r x 1) = controller input vector

u(m x 1) = system input vector

where n is structure degrees of freedom, m is number of actuators,
r is number of control filters, and s, is number of displacement
Sensors.

The input to the active structure is coupled to the controller by

U= Yic — Gaya) @27

where By, is the controller input gain matrix and G, is a direct
transmission matrix. The controller described by Eqgs. (24-27) is
called an active vibration absorber (AVA) by Juang and Phan.? The
PPF control is derived from the AVA controller by setting the direct
transmission term in Eq. (27) to zero:

U=y (28)

Advantages in using PPF control are the low-order and simple sta-
bility criterion. The PPF controller is stable as long as a simple
inequality constraint is satisfied that involves the controller gains
and the structural stiffness matrix,'% !

Controllability Measures for Active Antenna

The definition of controllability provides only a yes-or-no answer
to whether a system is controllable. On the other hand, a controllabil-
ity measure will provide an answer to the degree of controllability of
a mode. From a strict definition of controllability, it is known that a
minimum of two active ribs are required on the experimental antenna
to control the repeated mode at 11.01 Hz.® A controllability measure
is used to determine which two of the four active ribs included in
the identified model will provide a high degree of controllability.

Calculated from the identified model, Table 2 provides control-
lability measures for pairs of ribs. The table is based on the method
of Hamden and Nayfeh'? for the distinct modes and the method
of Hughes and Skelton® for the repeated mode. The controllability
measures with active ribs 1 and 5 are consistently high, and for this
reason this pair is used in the experimental implementation of the
MIMO control with two active ribs. A poor choice would be ribs 1
and 4, which show comparatively low controllability of the repeated
mode at 11.0103 Hz.
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PPF Controller Implementation

The PPF control laws are implemented on the active antenna
and the closed-loop response compared with the response predicted
by the model. The control laws are implemented digitally with a
sampling rate of 1000 Hz. The AVA and PPF control were im-
plemented on an earlier version of the active antenna in an SISO
control environment.!! The AVA controller with displacement feed-
back does not roll off, and thus the desired gain is limited by high-
frequency dynamics, which are often unmodeled. The PPF was not
affected by unmodeled high frequency dynamics resulting in better
experimental performance. In fact it can be shown that as the gain
is increased with the PPF controller the instability will result at Jow
frequency, which is typically well modeled.'?

A constrained optimization routine is used to design the PPF con-
troller parameters Hy, Ak., and A p.. The optimization minimizes
the cost function

iy
J=/ Iy + wiu())) dr (29)
0

where y(z) is the identified antenna model response to a unit impulse
and u(¢) is the control effort. Values for the weight w are adjusted to
achieve the best trade-off between minimizing the impulse response
and minimizing the control effort. The control is optimized for the
closed-loop control operating on ribs 1 and 5.

In the control design each actuator is capable of having multiple
filters associated with it, i.e., in the matrices A g, . (r xr) and A p.(r X
r), r is not necessarily 1. It is found that no significant reduction
in the cost function is obtained using multiple filters. This can be
attributed to the fact that the modes are closely spaced and the model
does not include higher frequency modes. Therefore, only a single
filter per actuator is used in the implemented design. With a weight
w of 1, the optimal filter parameters are found to be w, = 70.2 rad/s
and ¢, = 0.56.

The experimental response of the antenna with PPF contro! on
ribs 1 and 5 is compared with the predicted response and also with
the open-loop response (Figs. 3a and 3b). Significant damping is
achieved in all the modes in the first modal cluster using only a
single PPF filter on each of the two active ribs.

H, Controller Implementation

A robust controller designed using H,, optimal control theory
is also implemented on the active antenna. In comparison to the
collocated controllers discussed previously, Hy, theory explicitly
deals with the multivariable control problem as well as accounting
for the uncertainty that exists in the nominal model.!*14

The robust control design is begun by augmenting the nominal
model by the performance and uncertainty weights (Fig. 4). The un-
certainty in the system is modeled as multiplicative at the output to
account for the errors in the identified transfer functions. Although
the model agrees well with the experimental results, errors do exist,
especially in the noncollocated sensor/actuator pairs. Performance
is measured by the vibration suppression achieved to a remote dis-
turbance on the antenna. This is accomplished in the H,, design by
increasing the value of y, thereby forcing the controller to suppress
the flexible modes in the frequency range of interest. For the active
antenna, the robust controller targets the group of eight modes below
20 Hz.

The choice of performance and uncertainty weights determines
the closed-loop response of the structure. The multiplicative uncer-
tainty weights W and W- are chosen as a first-order lead filter, with
a break frequency of approximately 100 rad/s. The gain of the filter
specifies that, at low frequencies, the assumed error in the model
is 25% and increases at higher frequencies due to the unmodeled
dynamics. The performance weights Ws and Wy for the vibration
suppression are a first-order lag filter that rolls off after 100 rad/s.
This specifies that vibration suppression is desired for only the low-
frequency dynamics ( <20 Hz). The final set of weights (W5 and
Ws) determines the shape of the controller. Since it is important for
the controller to roll off at higher frequencies, the weight increases
sharply throughout the region of interest (similar to a differentia-
tor). High-frequency roll-off of the controller is necessary so that
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Fig.3 Comparison between open-loop transfer functions (labeled solid
line), closed-loop experimental (dashed line), and predicted closed-loop
response (unlabeled solid line).

unmodeled dynamics are not destabilized by the active control. Fi-
nally, a small weight is added to the augmented plant to account for
the noise present in the sensor signal:

0.25(s/100+ 1)

W =
12080 = = 1
0.1¢s + 1)
Waas) = —omo T
240 = 000 1 1 30)
0.2(s/1000 + 1)
Wsg(s) = —ml 222
56() /100 + 1

With this choice of weights, a robust controller is designed by the
y-iteration technique. The scalar gain y is increased until either
the maximum robust performance or robust stability bound equals
I, indicating that a further increase in y would cause one of the
robustness criteria to be violated. The block structure of the un-
certainty is chosen to be one 2 x 2 block and a second 3 x 4
block, to account for the coupling in the performance and stability
measures. In all designs, the robust performance bound determined
the maximum value of y. The order of the controller is reduced
from 22 states to 19 states using a Schur balanced model reduction
technique.

Implementation of the H,, compensator on the active antenna in-
creased the damping in the structure in the region of the first modal
cluster (Fig. 5). The increase in damping is not as significant as
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with the PPF controller due to the difficulty in the design of the
MIMO compensator. The limiting factor for the active antenna is
the trade-off of performance in the low-frequency region (0-20 Hz)
vs stability of the unmodeled modes lying between 30 and 40 Hz.
To assure stability, it is necessary to have a sharp roll-off of the con-
troller, thus reducing the amount of vibration suppression achieved
in the closed loop. During the design, it is apparent that reducing
the roll-off of the controller improves the closed-loop damping but
results in an unstable system when implemented on the actual struc-
ture. The final set of weights obtained the best performance without
destabilizing the unmodeled dynamics.

VI. Conclusions

A study in the control of an eight-ribbed active antenna was per-
formed that investigated issues in modeling, actuator location for
controllability, control design, and control implementation. The ac-
tive antenna is an ideal structure for such an investigation for a
number of reasons: It is difficult to obtain a FEM of such a struc-
ture; the repeated modes necessitates an MIMO control architecture;
the lightweight, delicate nature of the antenna ribs excludes the use
of bulky actuators; and control of such structures has important ap-
plications in space satellites.

A minimal-order model of the antenna was identified by synthe-
sizing a MIMO model from SISO transfer functions. Synthesizing
the model from the SISO transfer functions gives the modeling user
greater flexibility in matching the model to the experimental data.
Using this identification method on the active antenna, good cor-
relation between the predicted response and the open-loop antenna
response was obtained. The model also gave a good prediction of
the closed loop behavior, which is important for closed-loop control
design. This can be contrasted with many identification techniques
that overestimate the model order size, resulting in a non-minimal-
order model. Such a model may produce good open-loop correlation

with experimental data but give inaccurate closed-loop predictions.
This is because with a non-minimal-order model there are dynamics
in the model that are not in the actual structure.

Closed-loop control was implemented on the antenna using PPF
and H,, control laws. For the PPF design, the identified model was
used to optimize the controllers. Using a single PPF filter on two
of the active antenna ribs, the first cluster of eight modes was ac-
tively damped. The robust controller design did not increase the
damping as significantly as the collocated position compensators.
This was due to the difficult trade-off between suppressing the
flexible modes and maintaining stability of the unmodeled dynam-
ics. Also, the block-diagonal structure of the PPF controllers (no
coupling between noncollocated sensors and actuators) produced
a compensator that exploited the benefits of the sensor-actuator
collocation.

Appendix

Using a simple example, here it is shown that for a repeated eigen-
value one of the modal participation terms in one of the repeated
modes can be arbitrarily set to zero. It is important to keep in mind
that when the eigenvalues are distinct the rows of the B matrix
(the mode shapes) are uniquely determined from experimental data.
When the eigenvalues are repeated, there are an infinite number of
mode-shape solutions associated with the repeated eigenvalue, and
each of these solutions is related to another solution by an orthogo-
nal similarity transformation. Thus for the system given by Eqgs. (7)
and (8) there exists an orthogonal similarity transformation T° such
that

x=T"g, TTAT = A, B=T"B (A1)
Note that the A matrix (the matrix of eigenvalues) is unaffected
by the transformation, whereas certain rows of the B matrix are
transformed and other rows are unaffected. Those rows of B that
are associated with distinct eigenvalues are unaffected by the trans-
formation T and those rows associated with repeated eigenvalues
may be transformed. This result is best shown by a simple example.
Given is the following system with distinct eigenvalues a and ¢ and
repeated eigenvalue b:

x = Ax + Bu
a d1 d2 d3 d4
b €] [ €3 €y
A= s B = A2
b h 2 o fa (A2)
¢ 81 & & 8

An orthogonal similarity transformation is arbitrarily chosen to be

1 0 0 0
0 cosf® —sinf O

r= 0 sin® cos® O (A3)
0 0 0 1
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Applying the transformation x = T7q to Eq. (A2), it is found that TTT = I, TTAT = A, and

d] d2

~ | e1cosé — fisin® e;cos0 — frsinf  e3cosf — fysinf  eygcos8 — fisind
e;cosf + fisinf eycos0 + fosinf e3cosf + fisinf  eycos6 + fysind

&1 &2

B=TTB =

ds d,
(A4)
83 84

Note that the first and fourth rows of B are the same as the first and fourth rows of B. These are the row associated with the distinct modes.
Note also that any single element of the repeated mode shapes can be arbitrarily set to zero by judicious choice of the transformation T For
instance the element in the second row, first column of B will be equal to zero if 8 is chosen such that & = tan~!(e;/f}).
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